Exploiting the possibility of temporal variation of the winding number, we have prepared a SSH chain in its stroboscopic topological state, starting from the trivial one, by application of a periodic perturbation. The periodic driving, we employ here, is adiabatically switched on to break the particle-hole symmetry and generate a chiral mass term in the effective Floquet Hamiltonian; consequently the Floquet Hamiltonian also gets deformed without crossing the gapless quantum critical point. The particle hole symmetry is subsequently restored in the Floquet Hamiltonian by adiabatically switching off a part of the periodic potential. Thereafter, the Floquet Hamiltonian develops a symmetry protected non-trivial topological winding number. Furthermore, we also observe stroboscopic topologically protected localised edge states in a long open chain and show that a bulk boundary correspondence survives a unitary non-equilibrium situation in 1D BDI Hamiltonians. Moreover, considering an extended SSH chain with higher neighbour hoppings, we dynamically prepare the system in a stroboscopic out-of-equilibrium topological insulator state starting from a metallic regime. At the same time, we establish the dynamical preparation of higher winding phases in an extended SSH chain with stroboscopic bulk-boundary correspondence in the non-equilibrium state of the system.
I. INTRODUCTION
Preparing a system in its topologically protected state is of great interest both theoretically 1-10 and experimentally [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] as well as from the viewpoint of quantum information theoretical studies 21, 22 (for review see, [23] [24] [25] ). Topological and Chern insulators are novel phases of matter which go beyond the conventional Landau Ginzberg paradigm and are characterised by a bulk topological invariant. The topological properties of these systems are protected by a gap in the bulk spectrum and are manifested in the occurrence of robust edge states. The so called topological invariant, characterising the topological phase, can undergo a change only when the system is tuned across a gapless (topological) quantum critical point (QCP) 24, 25 .
One of the possible ways of realising the topological phases is through the application of a time periodic global driving of a topologically trivial initial state; these periodic perturbations lead to the realisation of new topological phases of matter which have no equilibrium counterparts [26] [27] [28] [29] [30] [31] for example, Floquet graphene 26, 27 , topological insulators 32, 33 and edge Majoranas 34, 35 . In the above studies, the effective Hamiltonian dictating the non-equilibrium dynamics of the system become topologically non-trivial despite the initial static Hamiltonian being trivial; although the evolved state is not necessarily topological. The dynamical preparation of a system in an out-of-equilibrium Floquet state is a topic of ongoing and extensive field of study. Therefore, the success of such novel applications depends not only on the dynamical generation of a topological Hamiltonian but also a topologically non-trivial dynamical state. Interestingly, for two-dimensional (2D) Chern insulating systems obeying periodic boundary conditions, it has been shown that it is not possible to prepare a non-trivial topological state via unitary evolution starting from a trivial initial state; this is a consequence of the invariance of the bulk Chern number. However, for a system with boundaries, a new topological invariant i.e. the Bott index has been shown to temporally vary under unitary dynamics 36 . Also, the edge states of such 2D systems can exhibit non-trivial behavior despite Chern triviality of the non-equilibrium bulk state [37] [38] [39] . Hence, the familiar notion of the bulkboundary correspondence breaks down.
Recently, it has been established that unlike the Chern number the dynamical counter part of the winding number may change under unitary dynamics [40] [41] [42] [43] . However, many questions remain unexplored. Referring to studies presented in Ref. 43 , the first question that arises is whether the "dynamical" winding number can be tuned to an integer quantised value so that the system dynamically reaches a state characterised by an appropriate topological index. While the previous work 43 deals with closed systems with a periodic boundary condition (PBC), a far more interesting situation may arise when a similar dynamics is studied with open boundary conditions (OBC). The relevant question would be whether the change in the winding number is manifested in the occurrence of zero-energy edge states in the corresponding OBC situation, i.e., whether there exists a "nonequilibrium bulk boundary correspondence". When both the above conditions, namely the integer quantised winding number and the occurrence of zero-energy edge states are achieved, there emerges a possibility of dynamical engineering of 1D topological phases through unitary driving protocols.
In this work, we precisely address these two questions: We explore the possibility of engineering a topological state and the fate of the related bulk-boundary correspondence in a non-equilibrium 1D SSH chain under a time-periodic unitary drive. Starting from the topologically trivial ground state of a SSH chain 24 , which is the simplest topological insulator belonging arXiv:1905.04484v3 [cond-mat.mes-hall] 24 Sep 2019 to the BDI symmetry class 44 , we subject the state to a time periodic drive which is adiabatically switched on.
For sufficiently high frequencies, the Floquet Hamiltonian governing the dynamics at stroboscopic instances, develops a chiral mass which explicitly breaks the particle-hole symmetry and opens up a gap in the bulk spectrum 27 . In the presence of the staggered mass, the parameters of the Floquet Hamiltonian also makes a transition from an initial topologically trivial value to those corresponding to the topologically non-trivial phase. The periodic potential generating the chiral mass is adiabatically switched off subsequently to restore all the protecting symmetries in the Floquet Hamiltonian. The adiabatic deformation of the Floquet Hamiltonian allows the temporal state of the system to dynamically follow the instantaneous ground state of the Floquet Hamiltonian (in the high frequency limit) developing a non-trivial winding number. Hence, we propose a novel way to prepare topologically non-trivial states hosting robust edge modes in a one-dimensional model. To the best of our knowledge, our work is the first one that not only generates an effective topological Hamiltonian but also prepares the system in a non-equilibrium topological state and at the same time establishing an out-of-equilibrium bulk-boundary correspondence.
To further establish the efficacy of our unitary preparation protocol, we have studied the unitary preparation of a topological state in an extended version of the SSH model with higher neighbor hopping. In equilibrium, this model allows for topological phases with higher winding number and a non-topological metallic phase depending on the parameter values. What we show are the following: (i) The strength of the next nearest neighbor hopping can be made to vanish (consequently restoring all BDI symmetries) under a completely periodic drive with a linearly ramped amplitude. This eventually prepares the out-of-equilibrium system in a stroboscopic topological insulator state with associated edge modes starting from a metallic state (with an indirect band-gap) of the AI symmetric extended chain. (ii) Starting from a situation, in which the next nearest neighbor hopping term is zero in the initial Hamiltonian, we show that using the similar periodic protocol (again with a linearly ramped amplitude), we can prepare the system in a topological stroboscopic state with winding number changed to two from the initial equilibrium value of unity. Correspondingly, we also establish the dynamical emergence of two pairs of stroboscopic edge modes in the out-of-equilibrium state of the system. These zero quasi-energy modes are localized at different sites near the boundary of a driven chain under open boundary conditions. This study further establishes the importance of studying the out-of-equilibrium unitary preparation of a Floquet topological state and an associated bulk boundary correspondence.
The paper is organised in the following sections: In Sec. II, we provide a pedagogical introduction to the SSH chain and its associated symmetries followed by its equilibrium topological characterisation. We also briefly discuss the fate of the topological properties under nonequilibrium unitary dynamics in such systems. In Sec. III we explore the possibility of out-of-equilibrium quantisation of the dynamical winding number with respect to a unitary driving protocol. We propose a periodic driving protocol to prepare a stroboscopic topological state with a non-trivial stroboscopic winding number. In Sec. IV, we study the non-equilibrium stroboscopic behaviour of the SSH chain with OBCs under the same periodic driving protocol introduced in Sec. III. We numerically establish the existence of localized edge states in the stroboscopic state of the system. To further probe the dynamical emergence of bulk-boundary correspondence, we study the topological properties of a non-equilibrium extended SSH Hamiltonian in Sec. V. We begin the section with a brief introduction to the SSH chain with extended second and third nearest neighbour hoppings, associated symmetries and its topological phases. In subsection V A, we introduce a unitary driving protocol to stroboscopically restore all BDI symmetries in the otherwise AI symmetric extended SSH chain. This restores the topological bulk boundary correspondence in the stroboscopic state of the system and the bulk of the system makes a transition from a metallic phase to a stroboscopic topological insulator phase. In subsection V B, starting from a BDI symmetric topological phase of the extended SSH model, we adiabatically ramp a time-periodic perturbation to prepare the system in a topological state having a higher value of the topological invariant. We also establish the associated emergence of a stroboscopic bulk boundary correspondence through the existence of two pairs of stroboscopic localised edge modes in the out-of equilibrium state. Lastly, in Sec. VI, we conclude with a brief summary of our results and draw conncetions with existing experimental set-ups and previous experimental studies.
II. THE SU-SCHRIEFFER-HEEGER (SSH) MODEL AND ITS SYMMETRIES
The Hamiltonian for the SSH model, that describes a 1D lattice having a two atom sublattice structure with N unit cells, can be written in terms of the (spin polarised) fermionic creation and annihilation operators as,
Here, h.c. denotes the hermitian conjugate, v and w are the intra-unit-cell and inter-unit-cell hopping amplitudes, respectively, and subscript n, i denotes the sublattice position i (i = 1, 2) of the n th unit cell. After performing a tight-binding analysis one can write the Hamiltonian in Eq. (1) as,
where,
The ground state |ψ k of the Hamiltonian H 0 (k) is characterised by the following topological winding number:
which is quantized and can only assume integral values. If |v| > |w|, ν = 0, the chain is in the trivial phase; on the other hand, ν = 1 if |v| < |w| when the chain hosts topologically protected robust end states. The energy gap between the two bands vanishes at the QCP |v| = |w|, where the winding number becomes undefined. Thus the topologically protected winding number can only change when the parameters are tuned across a gapless point.
We shall focus on a SSH chain belonging to BDI class of non-interacting topological Hamiltonians respecting the time reversal symmetry (T ), the particle-hole symmetry (P) and the sublattice symmetry (S).
Winding number in a driven system: We consider the temporal evolution of the equilibrium topological invariant, i.e., the winding number under a unitary drive with an initial (ground) state |ψ k (0) , which evolves under the time-dependent instantaneous Hamiltonian H k (t),
Here, H ef f k (t) is a time-dependent effective Hamiltonian acting as a generator of unitary evolution on the driven system and T is the time ordering operator. As in ref. [43] , it has been established that the winding number is temporally invariant if the effective Hamiltonian capturing the dynamics of the chain respect the discrete symmetry combinations of T and P or just P.
Interestingly, in the case of a time periodic drive with a period T , the stroboscopic variation (measured after a complete period of the drive) of the winding number is proportional to the stroboscopic change in the bulk polarization density of the chain in the interval
The stroboscopically observed winding number has been established to depend only on the symmetries of the Floquet Hamiltonian, i.e.,
respects either P or P and T , the stroboscopic winding number remains dynamically invariant.
However, if the P symmetry is broken in the Floquet Hamiltonian, the stroboscopic winding number evolves temporally resulting the generation of a bulk polarisation current 43 . The variation of the winding number opens up the possibility of the preparation of a Floquet non-trivial topological phase starting from a trivial one.
III. DYNAMICAL PREPARATION OF A NON-TRIVIAL TOPOLOGICAL STATE: PBC
Starting from the trivial ground state of a BDI symmetric SSH Hamiltonian, we periodically drive the system. Choosing a sufficiently high driving frequency (ω = 2π/T ), the periodic perturbation is switched on adiabatically, allowing the instantaneous state of the system to follow the instantaneous ground state of the Floquet Hamiltonian. We choose the protocol,
with V k (t + T ) = V k (t) being periodic in time having a time period of T . The amplitudes A 1 (t) and A 2 (t) are adiabatic ramps which slowly switches on and off the periodic perturbation,
allowing the Floquet Hamiltonian to get adiabatically modified. The periodic perturbation V k (t) is chosen to be sinusoidal,
We note that in the interval 0 ≤ t ≤ τ , the periodic perturbation V k (t) is switched on adiabatically and in the subsequent interval τ ≤ t ≤ 2τ a part of the periodic drive is switched off, again adiabatically, to restore all the symmetries. Evidently, due to the presence of the linear ramping, the protocol is not perfectly periodic in the time interval 0 ≤ t ≤ 2τ . However, as the ramping is much slower than the time period of the periodic perturbation, the complete evolution may be partitioned into the 'fast' and the 'slow' time variables 27 : the former is the time scale of the high frequency periodic drive and the later represents the time scale of the linearly ramped amplitude. Therefore, for a fixed value of the amplitude, the drive is completely periodic and a Floquet picture holds. If the frequency of the periodic drive is much higher than the characteristic bandwidth of the system and the amplitude of the drive is small enough A 2 /ω 1, A being the effective amplitude of the drive , the drive is off resonant. The effective Floquet Hamiltonian may be approximated just to incorporate the single-photon virtual processes or nearest neighbour hopping in the Floquet Bloch lattice i.e.,
We now further assume that A(t) changes very slowly (τ T ) such that its change over a time period T may be neglected at very high frequencies. Using Eq. (11), the effective Floquet Hamiltonian takes the following form,
The slowly varying amplitude can now be interpreted as an adiabatic deformation of the Floquet Hamiltonian H t F (k). The magnitude of V 0 is so chosen that the term proportional to σ x in the effective Floquet Hamiltonian Eq. (12) drives the Floquet Hamiltonian across the QCP to render the final Floquet Hamiltonian topologically non-trivial at time t = 2τ .
The diagonal term on the other hand serves two purposes. It generates a staggerred mass term which opens up a gap between the Floquet eigenstates and keeps the floquet spectrum gapped at all times. This gap in the Floquet spectrum protects the instantaneous ground states against the generation of excitations particularly near the QCP where the gap otherwise vanishes in the absence of the staggered mass. The mass term also explicitly breaks the P and S symmetry at the same time in the Floquet Hamiltonian H F (k) causing the bulk topological invariant to change stroboscopically. At the end of the switching off (i.e., at t = 2τ ), the particle hole symmetry is completely restored in the final Floquet Hamiltonian H t F (k) which now belongs to a completely symmetric BDI SSH model in the topologically non-trivial sector.
The winding number calculated from the nonequilibrium state of the driven chain is also observed to become topologically non-trivial (see Fig. 1 ). In response to the explicit breaking of the P symmetry and the consequent variation of the winding number, we observe a stroboscopic generation of polarisation current in the bulk (see Appendix A) which vanishes just after the BDI symmetries are restored in the Floquet Hamiltonian at t = 2τ . Since the S symmetry has been restored finally, the winding number also remains invariant further 45 and the final Floquet Hamiltonian indeed becomes topologically inequivalent to the trivial Hamiltonian. The mass term necessarily avoids the crossing of a gapless QCP and therefore under an adiabatic protocol, the instantaneous state of the system |ψ k (2τ ) is seen to dynamically follow the ground state |ψ F 0 (k) of the high frequency Floquet Hamiltonian.
The adiabatic ramping functions A(t) in Eq. (12) have been chosen so that its rate of change is much slower than the time period of the periodic perturbation (i.e., τ T ). This ensures that the dynamical state of the system at stroboscopic intervals of time have a significant fidelity to the topological eigenstate of the Floquet Hamiltonian. In Fig. 2 , we see that at t = 2τ , the stroboscopic state |ψ k (2τ ) has a significant overlap with the eigenstate |ψ F 0 (k) of the Floquet Hamiltonian for all k ∈ [−π, π].
IV. STROBOSCOPIC BULK BOUNDARY CORRESPONDENCE: OBC
In this section we study the time periodic driving protocol given in Eq. tion,
and ω = 2π/T is the frequency of the drive while T being it's time period. The matrix elements of the dynamical unitary propagator U (t) in the time-independent basis B under the protocol Eq. (14), satisfies a linear system of 2N × 2N differential equations,
To find the stroboscopic propagator U (nT, (n − 1)T ), which dynamically evolves the state of the system from the time t = (n − 1)T to t = nT , we iteratively solve Eq. (15) with appropriate boundary conditions in each interval [(n − 1)T, nT ]. By a repetitative application of the unitary propagator U (nT, (n − 1)T ) for each stroboscopic interval, we obtain the time-evolved state of the system at t = N T = 2τ , To maintain adiabaticity of the deformation of the Floquet Hamiltonian which is essential for the adiabatic preparation, we choose τ T (τ = 500T ) and a sufficiently high freqency ω = 100 for the periodic perturbation. The initial parameters of the topologically trivial SSH chain H(v 0 , w) were chosen to be v 0 = 1.55 and w = 1.50. With the choice of the amplitudes V 0 = 0.1 and V 1 = 2.0 as specified in the (see Fig. 3 ), we study the support of the stroboscopic state |ψ(2τ ) of the system at the i th site of the chain vide the quantity | i |ψ(2τ ) | 2 . We observe localisation of the state |ψ(2τ ) to the two ends of the finite chain corresponding to the topologically non-trivial winding number of the bulk Floquet Hamiltonian depicted in Fig. 1 . We note that although the generated stroboscopic end modes de-localise considerably into the bulk of the chain, in the thermodynamic limit the hybridization between the end modes will eventually vanish and they will get strictly localised at the edge.
The stroboscopic state thus prepared at t ≥ 2τ , is observed to host topologically protected zero energy modes localized at the ends of a finite chain with open boundary conditions (see Fig. 3 ). As the parameters of the final Floquet Hamiltonian are close to the critical values, the localization length of the zero energy edge states are large. The end states therefore hybridise near the midpoint of the chain which consequently lifts the energy of the localized states from exactly zero; this is also true for an undriven SSH chain for the same set of parameters. However, for a sufficiently long chain, the edge states formed would be highly localised. 
V. EXTENDED SSH CHAIN AND TOPOLOGY
To further exemplify the unitary protocol studied in Sec. III, we now consider an extended SSH chain with additional second and third nearest neighbour hopping terms. In particular, the presence of the second neighbour hopping explicitly breaks the BDI symmetries of the SSH Hamiltonian and consequently the edge modes are no longer protected against delocalisation into the bulk of the chain. The Hamiltonian describing the extended SSH chain 46 , 
The presence of the term proportional to I in the Hamiltonian in Eq. (18) breaks both P and S symmetries explicitly in the Hamiltonian while preserving the time reversal invariance if the hopping strengths are chosen to be real. According to the topological characterization of non-interacting systems 44 , the model belongs to the AI class, which is trivial in 1D. However, the second neighbour hopping preserves the space-inversion symmetry which causes the winding number to remain well-defined and quantised as the number of complete windings of the vector h(k) for k ∈ [−π, π]; it can assume integer values −1 to 2 depending the hopping strengths 46 .
In the absence of the third neighbour hopping (v 3 = w 3 = 0), the second neighbour hopping strength distinguishes the band structure into two very different physical regimes (which however, are not differentiated by a topological phase transition): (i) if v 2 ≤ v/2, the bulk of the chain is still in an insulating phase with a direct 17) with v = 0.5, w = 0.1, v2 = 0, w3 = 0.25, v3 = 0 and for a system size L = 100, we follow the corresponding unitary protocol specified in Sec. V B. The drive is chosen such that,V0 = −0.5, V1 = 2.0, τ = 10 3 T and ω = 100. This establishes a stroboscopic bulk-boundary correspondence once the P symmetry has been completely restored in the Floquet Hamiltonian even for higher dynamical winding number state.
band-gap. However, even if the winding number stays non-zero and quantised, the energies of the localised end modes gradually move away from zero and they delocalise into the bulk of the chain as the second neighbour hoping strength increases above zero. (ii) if v 2 ≥ v/2, the bulk bands develop an overlapping indirect gap without crossing each other and the maxima of the valence band becomes higher in energy than the minima of the conduction band. The bulk behaviour of the system becomes metallic and consequently the end states delocalise completely into the bulk of the chain irrespective of the bulk winding number, thus breaking the bulk-boundary correspondence (see Fig. 4(b) ).
A. Dynamical restoration of stroboscopic bulk-boundary correspondence
In this section, we start from an eigenstate of the Hamiltonian in Eq. (17) with non-zero strengths of the extended second neighbour and third neighbour hoppings such that the initial Hamiltoinan is in the AI class and the edge states are completely delocalised in the bulk. We have further chosen v 2 > v/2 so that initially the system is in the metallic state.
A perfectly periodic perturbation is switched on adiabatically such that all the hopping parameters of the time-dependent Hamiltonian H E k (t) are temporally modulated,
The ramping time τ is chosen in such a way that τ T , where T = 2π/ω is the time period of the periodic part of the drive (as discussed in Sec. III). Also, under the high frequency approximation (A 2 /ω 1,where A is the effective amplitude of the drive at any time), the stroboscopic dynamics of the chain is effectively described by the Floquet Hamiltonian in the zero photon sector,
such that, h i (t) take similar forms as in Eq. (19) with renormalised hopping strengths
where we have assumed that τ T so that the amplitude remains approximately constant in one period of the sinusoidal drive. J 0 is Bessel function of the zeroth order and d ij is the distance between the two lattice points i and j.
We now choose the amplitude A 0 such that the stroboscopically renormalised second neighbour hopping
(with lattice spacing a = 1) vanishes completely (so that the h 0 (k) in Eq. (19) vanishes) when the time-dependent perturbation has been switched on completely, i.e., at t = τ . This restores the BDI symmetries in the Floquet Hamiltonian. The adiabatic protocol further ensures that the stroboscopic state of the system |ψ 0 (τ ) inherits all the BDI symmetries and thus becomes topological; this can be verified using a similar fidelity analysis for the present case as presented in Fig. 2 for the SSH model. Considering the same protocol, with an OBC, one finds stroboscopic zero-energy modes localised at the edge of the chain. In Figs. 4(a)-4(b)), we show the stroboscopic variation of the winding number and the emergence of corresponding edge states at t ≥ τ . Thus, the gradual decrease in the stroboscopically renormalised second hopping modifies the bulk Floquet bands and drives the system from an AI symmetric metallic phase to a BDI symmetric topological insulator phase and consequently the bulk-boundary condition is stroboscopically restored in the out-of equilibrium state of the system.
B. Unitary preparation of higher winding number states
As was discussed in Sec. V A, the coherent destruction of the second neighbour hopping restores the BDI symmetries in the out of equilibrium stroboscopic state of the system. In this section, we set the second neighbour hopping strength v 2 to zero at the outset. The initial state is chosen to be an eigenstate of a BDI symmetric extended SSH Hamiltonian with hopping strengths (v, w, v 3 , w 3 ) as in Eq. (19) characterised by a winding number of unity. The corresponding two-level Hamiltonian H E k (v, w, v 3 , w 3 ) has no second nearest hopping (i.e., h 0 (k) = 0) but a non-zero third nearest hopping.
Our aim here is to dynamically prepare a topological state with stroboscopic winding number two starting from the state with equilibrium winding number unity. Through a similar unitary driving protocol as discussed in Sec. III, we adiabatically ramp a time-periodic perturbation to prepare the system in a topological Floquet state. The unitary protocol,
where H E k is the extended SSH Hamiltonian with timedependent hopping amplitudes and,
A 1 (t) = 1 and A 2 (t) = 0 for t ≥ 2τ.
V k (t) is a perfectly periodic perturbation of the form specified in Eq. (10) . As discussed in Sec. III, during the evolution from 0 ≤ t ≤ τ , the chiral mass term is adiabatically switched on while from τ ≤ t ≤ 2τ , it is adiabatically switched off (see Eq. (12)). The periodic perturbation V k (t) thus induces a gap in the Floquet Hamiltonian during the entire adiabatic ramping process, thereby protecting the dynamical system against the generation of excitations. Under the complete unitary protocol in Eq. (26), the stroboscopic state of the system makes a transition from an initial state having a winding number of unity to a higher winding phase having winding number two for stroboscopic times t ≥ 2τ . Owing to the adiabaticity of the switching on of the periodic perturbation, it can be verified that the out-of equilibrium stroboscopic state of the system maintains a high fidelity with the Floquet topological state. Consequently, the stroboscopically observed extended chain under OBC, exhibits the dynamical emergence of two pairs of localised edge states in contrast to a single pair of edge states in the initial equilibrium system. Thus, we establish a stroboscopic bulk boundary correspondence even in a out-of-equilibrium state with higher winding number (see Fig. 5 (a)-5(b)).
VI. DISCUSSIONS AND EXPERIMENTAL CONNECTIONS
Exploiting the possibility of the temporal variation of the winding number in a 1D topological insulator under a unitary drive, we have established the possibility of engineering the state of a 1D topological insulator in its topologically non-trivial phase. We start from a trivial ground state of a BDI symmetric SSH chain and let it evolve under the application of a time periodic perturbation whose amplitude is adiabatically modified such that it may be assumed to be nearly constant within a complete period of the drive. The complete "switching on" of the periodic potential drives the parameters of the Floquet Hamiltonian from a topologically trivial to a topologically non-trivial value together with the generation of a chiral mass in H F (k). Subsequently, the periodic drive generating the staggerred mass term in the Floquet Hamiltonian is switched off adiabatically to restore the BDI symmetries in the Floquet Hamiltonian. As no gapless QCP is crossed, the instantaneous state of the system (nearly) follows the ground state of the Floquet Hamiltonian.
We have also established the dynamical emergence of topologically protected localized zero energy modes in the stroboscopic state of a long SSH chain under open boundary conditions. Our study, therefore, unravels the possibility of the unitary preparation of a 1D Floquet topological phase through an adiabatic deformation of the Floquet Hamiltonian.
Thereafter, we have unitarily prepared a topologically non-trivial stroboscopic state starting from a trivial equilibrium state in an extended SSH chain with higher neighbour hoppings. The extended SSH Hamiltonian having finite second and third neighbour tunnelling strengths belong to the AI symmetry class of non-interacting topological systems and is topologically trivial in 1D. Furthermore, for a sufficiently high second neighbour hopping strength the bulk of the chain is in a metallic phase with an indirect band-gap. Starting from such an indirect band-gap phase we adiabatically switch on a timeperiodic perturbation to stroboscopically restore the BDI symmetries in the system and prepare it into a stroboscopic topological insulator state. Consequently, the out of equilibrium stroboscopic state of the system exhibits a dynamical emergence of localised edge states under OBC. This establishes the existence of an out-of-equilibrium bulk boundary correspondence in periodically driven 1D systems. Lastly, starting from a BDI symmetric extended SSH chain with vanishing second neighbour hopping but a finite third neighbour tunnelling (having a winding number of unity), we unitarily prepare the system in a stroboscopic state having a winding number two. The stroboscopic state of the corresponding chain under OBC exhibits two sets of topologically protected localised edge states, thereby establishing the existence of a non-equilibrium bulk-boundary correspondence even in higher winding phases.
The Floquet Hamiltonian approach is fundamentally important experimentally 47 as the exact simulation of tight-binding Hamiltonians in ultracold atomic setups are essentially achieved through the application of timeperiodic fields. Furthermore, the preparation protocols of a topological state under adiabatic quenching of a parameter in the Hamiltonian, requires the dynamical process to be infinitely slow compared to the relaxation time of the system which is inversely proportional to its bandwidth. In the Floquet adiabatic deformation approach, however, the rate of deformation of the Floquet Hamiltonian only needs to be sufficiently slower than the frequency of the periodic part which may be chosen to be large enough so that the Floquet band-gap is large. This allows one to reach the "stroboscopic" topological state within an experimentally realizable time scale although the Floquet approach sacrifices the topological non-triviallity in the micromotion. The survival of the stroboscopic bulk-boundary correspondence under a time-periodic drive, provides with an experimentally feasible way to dynamically engineer topological properties in non-equilibrium systems. These considerations emphasises the importance of our time-periodic protocol. We note that if the complete driving protocol is tuned to be adiabatic, the stroboscopic change in the winding number will be quantised as in topological charge pumping in a periodically driven Rice-Mele model 48 .
We conclude with the note that, the bulk topological invariant of 1D topological systems has been probed experimentally using ultracold atomic setups in optical lattices 47 . The recent experimental study in optical lattice of trapped 87 Rb atoms 49 has established the experimental preparation of topologically non-trivial states. The extended SSH model has also been experimentally realised recently, with ultracold atoms in momentum space to establish its topological properties and bulkboundary correspondence 50 . Robust edge states were also observed and extensively studied in synthetically prepared Floquet topological systems in ultracold atomic lattices 51, 52 . This is one of the fundamental motivations behind the choice of a periodic drive in the proposed dynamical protocol to engineer the topological state. The bulk polarisation current (discussed in Appendix A) and the stroboscopically localised topological edge states, both being observable quantities are expected to be measurable in similar experimental setups in optical lattices.
Appendix A: The Bulk polarisation current in the SSH model:
It has also been established 43 that under an arbitrary time-dependent driving, the bulk polarization current density j(t) of the SSH chain is directly proportional to the rate of change of the topological winding number (ν):
where H k (t) is the driven instantaneous Hamiltonian. In the presence of a time-dependent driving which breaks the particle hole symmetry in the dynamics, a finite polarization current is generated in the bulk of the chain. The unitary protocol conceived in Sec. III of the main text explicitly breaks the P symmetry in the H t F (k) for all stroboscopic times earlier to t = 2τ . Consequently, one sees a stroboscopic generation of a bulk polarization current which eventually vanishes at t ≥ 2τ when all the BDI symmetries have been restored in the Floquet Hamiltonian (see Fig. 6 ).
In a periodically driven Rice-Mele chain, the stroboscopic current resembles a stroboscopic quantized transport of charge through the bulk (corresponding to a quantized cyclic change in the dynamical winding number) provided that the complete dynamics is adiabatic. However, for a generic symmetry breaking drive, the dynamical winding number varies continuously with time. The initial state is the ground state of a BDI symmetric SSH model with parameters v = 1.55, w = 1.50 and L = 1000. We have chosen ω = 100.0 and amplitudes V0 = 0.1, V1 = 7.0 as in Eq. (9) . The variation of the polarisation current perfectly conforms to the variation of the dynamical winding number presented in Fig. 1 and vanishes when it reaches the value unity
